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KY NANG CAN NAM VU'NG

* Bién d6i ma tran bac thang

* Bién luan hang cua ma tran

* Bién luan s6 nghiém cua hé phuong trinh
* Tinh dinh thuirc
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KIEN THU'C CAN NAM VUNG

Khéng gian vecto

|. Khéng gian vecto con

Il. Hé sinh cua mét khéng gian vecto

V. Doc lap tuyén tinh va phu thuéc tuyén tinh
V. Co s& va so chiéu cia khéng gian vecto

VI. Toa do

VII. Bai toan tim so chiéu va mot co s& ciia khdng gian vecto con
VIII.Bai toan doi co s&
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l. Khéng gian vecto:

Dinh nghia: Tap hop V # @ dugc goi la mot khong gian vecto néu né
duwoc quy dinh hai phep toan cong vecto va nhan vo hudng thoa man cac
diéu kién sau:

» Tinh dong kin: Gia s&r Va, b € V thi {k. aae-l_Vb(i Z R)

> Phép cong thoa man: > Phép nhan vo hudong thoa man:
V&ia,b,c eV Voik, k' €R

e (a+b)+c=a+(b+c) e k.(a+b)=ka+kb
ca+b=b+a e (k+k')a=ka+k'a

e 30 €eV:0+a=a e k.(k'a) = (k.k'").a

e YaeV,3a' eV:a+a =0 e l.a=a (VaeV)
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l. Khéng gian vecto:

Baitdap 1: Tap V = {(x,y,z)|x,y,z € R} v&i cac phép toan kem theo co 13
KGVT hay khéng?

{(x, v,2)+ (X, y,zZ)=(x+x,y+y,z+2z")
k(x,y,z) = (lklx, |k|y, |klz) (k €R)

Bai tdap 2: Tap V = {(x, x5)| x; > 0; x, > 0} v&i cac phép toan kem theo cé
la KGVT hay khong?

r(xpxz) + (3’1; yZ) — (xlylinyZ)
\ k(xl, XZ) — (xlk,ka) (k (S R)
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l. Khéng gian vecto:

Bai tdp 1:
Giai

» Phép nhadn vo huong
e k.(a+b)=ka+kb

Kiém tra phép nhan: Gia str (x,y,z) € V; k, k' € R e k.(k'a) = (k.k").a

e (k+k')a=ka+k'a

(k+k').(x,y,z) =(k+Kk'|x, |k + k'
k.(x,y,z) + k'.(x,y,2z) = (|kl|x, |kly,

* l.La=a(VaeVl)

v, |k +k'|z)
klz) + (|k'|x, |k'|y, |k']|2)

= ((lkl + k"D, (Ll + L'y, (k] + [k')z)

) (k+k).(x,y,2) #k (x,y,2) +k'.(x,y,2) (Do |k + k'| # |k| + [k'])

‘ Tap V cung cac phép toan da cho khéng tao thanh KGVT
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l. Khong gian vecto:

» Mot s6 khong gian vecto thuong gap:
e Tich Bé-Cac:

R™ = {(xq,x5,..,%) | X1,%X5,..,%X,, € R}

 Tap hop cac da thirc c6 bac nhd hon hodc bang n

P,[x] = {ay + a;x + ayx* + -+ a,x"|ay, a4, ..., a, € R}

 Tap hop cac ma tran cOm X n: M,

* TAp hop cac ma tran vuoéng cap n: M,,
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ll. Khéng gian vecto con:

 Dinh nghia:
V&iva,b e W; k € R, W la KGVT con cua V xay ra khi va chi khi

(W cV,W # @ (Tap hop)
< a+beWwW
\ ka e W
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ll. Khong gian vecto con:

Bai tdp 1: Chirng minh tap hop G = {[Z C] ‘a, b,c € R} voi phép céng ma

tran va nhan ma tran véi mot so thuc [a mét khong gian vecto con clia
khong gian M, (khong gian vecto cac ma tran vuéng cap hai)

Giai:
16 c M,,G %0 3f.GiésC|’vc'rikER

er o _[a b _la" b’ abzkakb
2.G|asu’v,4_[b c]’B_[b' C']EG <k'[b c] [kb kc]=>k.AEG
v&ia,b,c,a’,b’,c' €R \ ka, kb, kc € R

f[a b] N [a’ b’] _ [a+a’ b+b’]
ILp ¢ b’ ¢’ b+b c+c'I|l=A+B€EG ‘Dpcm
. a+a,b+b',c+c' €ER
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ll. Khong gian vecto con:

( (2x+3y—2z=0
Bai tdp 2: Chotdp hop H ={(x,y,z) ER3|{ x+5y—z =0
\ dx—y—z=0

rang H 1a KGVT con cla R3.

Bai tap 3: Cho tap V4, V, la hai KGVT con cua KGVT V. Chirng
1) V; NV, la mét KGVT con cua V.

2)ChoV; + V, ={x; + x,|x; € V{,x, € V, }. Chirng minh V] +
concual.

>. Chirng minh

minh:

v, 1a KGVT
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[1l. Hé sinh cua mo6t khong gian vecto:

* Dinh nghia: Cho V la mot khong gian vecto va S = {vy, v,, ..., v, } [d mét ho
cac vecto thudc V. Néu moi vecto u € V déu co thé biéu dien duoc dudi
dang to hop tuyén tinh cta {v,, v,, ..., v,} nghia la 3 m{,m,,..,m,, € R sao
chou = myvy + myvy + -+ myv, thitandi SlahésinhraV.

* Ki hiéu: V = span{S}
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[1l. Hé sinh cua mo6t khong gian vecto:

Dang bai tdp 1 (Bai todn xuéi): Kiém tra hé sinh cia mot KGVT.

» Bai todn: Cho S = {vy,v,,...,v,} VOi V1, V,, ..., v, EV
— Kiém tra xem S c6 la hé sinh ciia KGVT V hay khéng?

» Phuong phdp giai:

* B1: Gid str Vv € V, xét quan hé tuyén tinh

* B2: Bién luan

vV=myv; + myv, + -+ m,v,

Néu hé (x) cé nghiém - V = span{v,, v,, ..., U}

(*)
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[1l. Hé sinh cua mo6t khong gian vecto:

Bai tdp 1: Xét xem hé S = {v, = (2,3,—1),v, = (3, —1,5), v = (—1,3, —4)}
co la hé sinh cia R3 khéng?

Giai:

VGi vu = (a, b, c) € R3, dé S |a hé sinh cua R?

& Imq, my,, mg € R sao chou = myvy + myv, + myvg

& IAmy, my, my € R:my(2,3,—1) + m,(3,—1,5) + m3(—1,3,—4) = (a, b, c)

(2m{+3m, —m3 =a
& HéS 3my —m, +3my =b (x) cd nghiém v&i Va,b,c € R
\—my +5my; —4m3 =c
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detA4 =

2
3

—1

[1l. Hé sinh cua mo6t khong gian vecto:

Bai tdp 1: Xét xem hé S = {v, = (2,3, —1),v, = (3,—1,5),v5 = (=1,3, —4)}
co la hé sinh cia R3 khéng?

Giai: (Tiép)

3
—1
5

Vay S la hé sinh cta R3.

9 = 0 = Hé c6 nghiém duy nhat (Cramer)




[1l. Hé sinh cua mo6t khong gian vecto:

Baitdp 2: Hoi S = {u; = -1+ 2x + x%;u, = =3+ 3x + x%;u3 = —2 + 2x}
co la hé sinh cua P,|x] khéng?

V&iVu = a + bx + cx? € P,[x], S |a hé sinh ctia P,[x]

& dAmy, m,,ms € Rdé u = mqu; + myu, + maus

& dAmy, m,, my € R dé

a+bx +cx? =my(—1+2x +x2?) + my(=3 + 3x + x%) + my(—2 + 2x)
(—m, —3m, —2m3; =a

& HéS 2my +3m, +2my = b (%) c6 nghiém v&iVa,b,c € R
i \ m; +m, =¢
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[1l. Hé sinh cua mo6t khong gian vecto:

Baitdp 2: Hoi S = {u; = -1+ 2x + x%;u, = =3+ 3x + x%;u3 = —2 + 2x}
co la hé sinh cua P,|x] khéng?

Giai: (Tiep)
-1 -3 =2
A=| 2 3 2|=]A4] =-2+# 0= Hé (%) cd nghiém duy nhat
1 1 0

18
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[1l. Hé sinh cua mo6t khong gian vecto:

Bai tdp 3: Hoi S = {ul _
Uy = [_é _27]} c6 phai

—4 2

né sinh cua M, k

Hé S khéng phai la hé sinh cua M,

- _Sl,uz N

11u=
-1 5177 -
nong?

s )
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[1l. Hé sinh cua mo6t khong gian vecto:

Dang bdi tdp 2 (Bai todn nguoc): Tim diéu kién d€ v € span{vy, v,, ..., v, }
» Bai todn: Cho S = {v{,v,, ..., v, } VOi v1,V,, ..., v, EVVAav=v(m) €V

— Tim diéu kién ctia m dé v € span{v,, v,, ..., ,,}
» Phuong phdp giadi:
* B1: Xét quan hé tuyén tinh

v(m) = mqyv; + myv, + -+ m, v,

(*)

 B2:v € span{v,,v,, ..., v} © Amy, m,, ..., m,, € R thda man (x)

— Bién luan diéu kién ctia m dé hé (*) c6 nghiém.

BBBBBBB
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[1l. Hé sinh cua mo6t khong gian vecto:

Bai tdp 1: Trong R* cho cac vecto v, = (1,1,-2,3),v, = (2,3,1,1),
vy = (2,-1,0,1),v = (1,5,—1,m). Tim m dé v thudc span{v,, vy, v3}

Giai:
v € span{v,,v,,V3} © Im{, m,, m3 € R d€ v = m{v; + m,v, + M3v;

rml +2m, +2m5; =1

~ m1+3m2_m3=5
&
He < —2my +m, = —1
L3ml+mz +m3; =m

(*) c6 nghiém
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[1l. Hé sinh cua mo6t khong gian vecto:

Bai tdp 1: Trong R* cho cac vecto v, = (1,1,-2,3),v, = (2,3,1,1),
vy = (2,-1,0,1),v = (1,5,—1,m). Tim m dé v thudc span{v,, vy, v3}

Giai: (Tiép)

1 2 2|1 1 2 2| 1
- 13 =15}, [0 1 -3] 4
A=l 5 1 ol-1]777lo o 1| -1

3 1 1| m 00 0lm=3
Hé (x) co nghitm o r(4) =r(A) © m =3

Vay véim = 3 thi v € span{v,, v,, v3}
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[1l. Hé sinh cua mo6t khong gian vecto:

Bai tdp 2: Trong P,[x] cho cic vecto v; = 2 + 3x + 5x2,v, = 3 + 7x + 8x%,
vy =1—6x+ x%,v=7-2x+mx% Timm dé v thudc span{v,, vy, v3}

Pap s6: m = 15
Bai tdp 3: Trong M, cho cac vecto

Tim m dé v, = [ ] € span{vy, vy, V3, Vs }

-7 m
Pap s6: vm € R

23
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IV. Poc 1ap tuyén tinh, phu thudc tuyén tinh:

« Cho hévecto S = {v, v,, ..., v, }, Xét rang budc tuyén tinh

A1V + AUy + - apvy, = 0 | (%)

> Hé S 13 doc lap tuyén tinh © () cé nghiém tam thuong

> Hé S |a phu thuodc tuyén tinh © (%) c6 nghiém khoéng tam thuwong
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IV. Poc 1ap tuyén tinh, phu thudc tuyén tinh:

Dang bai tdp 2: Kiém tra su doc 1ap tuyén tinh cia mot hé vecto
» Bai todn: Cho hé vecto S = {v{,v,, ..., v, }

— Hé S doc lap tuyén tinh hay phu thudc tuyén tinh?

» Phuwong phdp gidi:

* B1: Xét rang budc tuyén tinh

mivy + myvy, + -4+ m, =0 (%)

* B2: Bién luan:
Hé (*) c6 nghiém tdm thudong = S doc 1ap tuyén tinh
Hé (x) c6 nghiém khéng tam thuong = S phu thudc tuyén tinh
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IV. Poc 1ap tuyén tinh, phu thudc tuyén tinh:

Bai tdp 1: Trong R3, hé {v; = (1,-3,2),v, = (3,—4,1),v3 = (2,-5,3)} cb

doc lap tuyén tinh hay khéng?
Giai:
Xét rang buoc tuyén tinh

a,(1,-3,2) + a,(3,—4,1) + a3(2,-5,3) =0 & |

[ a;+3a,+2a3;=0
—3a, —4a, —5a; =0

L 2a1+a2+3a3=0

1 3 2
Al =-3 —4 —5|=0= Hé co nghiém khong tam thudng
2 1 3 = Hé vecto {v,, v,, v3} phu thudc tuyén tinh
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IV. Poc 1ap tuyén tinh, phu thudc tuyén tinh:

Bai tdp 1: Trong R3, hé {v; = (1,-3,2),v, = (3,—4,1),v; = (2,-5,3)} co
doc lap tuyén tinh hay khéng?

Giai:

Cdch 2: Bién luan theo Gauss

7-

1

—1.

= 1r(4) = 7(4) = 2 < 3 = Hé cb nghiém khbéng tdm thudng.
= {v4, V5, v3} phu thudc tuyén tinh.

O R
o Ul W
S =N




IV. Poc 1ap tuyén tinh, phu thudc tuyén tinh:

Bai tdp 2: Trong P,[x], xét su doc |ap tuyén tinh cia hé vecto
lvy=1+x,v, =2—x+3x%,v; =1+ 4x — 3x?}
Giai:

Xét rang budc tuyén tinh: a(1 +x) + b(2 — x + 3x%) + c(1 + 4x — 3x%) = 0

(a+2b+c=0
S(a+2b+c)+(a—b+4c)x+Bb—-3c)x*=0<a—-b+4c=0
 3b—3c=0

1
Al =1 —1 4| =0 = Hé co nghiém khong tam thuong
0 3 =3 = Hé vecto {v,, v,, v3} phu thudc tuyén tinh

NNNNNN o 28



IV. Poc 1ap tuyén tinh, phu thudc tuyén tinh:

Bai tdp 2: Trong P,[x], xét su doc |ap tuyén tinh cia hé vecto
lvy=1+x,v, =2—x+3x%,v; =1+ 4x — 3x?}

Giai: (Tiép)

Cdch 2: Bién ludn theo Gauss

1 2 1 1 2 1 1 1 2
A=|1 -1 41—->10 -3 31710 =3 3
0 3 -3 0 3 -3 0 0 O

= 1(4) = 17(4) = 2 < 3 = Hé cb nghiém khoéng tam thudng
= Hé vecto {v4, v,, v3} phu thudc tuyén tinh tuyén tinh.
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IV. Poc 1ap tuyén tinh, phu thudc tuyén tinh:

Dang bai tdp 4: Tim diéu kién dé hé vecto dbc lap/phu thudc tuyén tinh
» Bai toan: Cho hé § = {v,(m),v,(m), ...,v,(m)}

— Tim diéu kién ctia tham s6 m dé S doc lap/phu thudc tuyén tinh.

» Phuwong phdp gidi:

e B1: Xét rang budc tuyén tinh

mivy + myvy, + -4+ m, =0 | (%)

* B2: Bién luan
Hé S dbc lap tuyén tinh - Tim m dé (x) cé nghiém tdm thudng
Hé S phu thubc tuyén tinh —» Tim m dé (x) c6 nghiém khong tdm thuong
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IV. Poc 1ap tuyén tinh, phu thudc tuyén tinh:

Bai tdp 1: Trong R*, chou; = (1;1;-2;3),u, = (2;3; 1;1),u; = (2; -1;0; 1),
u, = (1;5; —1;m). Tim m dé {uy, u,, us, u,} doc lap tuyén tinh.
Giai:

Xét rang budc tuyén tinh

(a+2b+2c+d=0

a+3b—c+5d=0
—2a+b—-d=0

Ba+b+c+md=0

au; + bu, + cuz +duy, = 0 & <

DE {uy, uy, uz, uy} doc lap tuyén tinh © Hé cé nghiém tam thuong.
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IV. Poc 1ap tuyén tinh, phu thudc tuyén tinh:

Bai tdp 1: Trong R*, chou,; = (1;1;-2;3),u, = (2;3; 1;1),u; = (2; -1;0; 1),
u, = (1;5; —1; m). Tim m dé {uq, u,, us, u,} doc lap tuyén tinh.

Giai: (Tiep)

A=

el =R=l N

—2
| 3

1
1

O ORI

_ =0 N

=01 =

2
—1
0
1

3
0O -

2 1
—3 4
19 —19

—20 m+17]

o0 -

S ORI
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IV. Poc 1ap tuyén tinh, phu thudc tuyén tinh:

Bai tdp 2: Trong M,, cho cac vecto

Ly le=ll gl =5 lu=lg

Tim m dé hé S = {uq, u,, u3, us} phu thudc tuyén tinh.

Giai:

u1=

Dap s6: V&i vim € R thi hé S = {uq, u,, us, u,} phu thudc tuyén tinh.
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V. Co s& va so chiéu cua khong gian vecto

1. Co’ sé cua mot khéng gian vecto:

* Cho KGVT V va hévecto S ={v,,v,, ..., v3} VOi v, Uy, ..., U3 EV
V = span{S}

SlamoétcosécualV & —

Hé S doc 1ap tuyén tinh

e KGVTV cé thé cd nhiéu co s& va sb vecto trong cac co s& dé bang nhau
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V. Co s&' va so chiéu ciia khong gian vecto

Vidu: Xétxemhé {v; =1,v, = -1+ x,v3 =1+ 2x + x4}
cua P,|x] khong?

Giai:

1. Chirng minh hé sinh:

GidstrV(a + bx + cx?) € P,[x], xét a + bx + cx? = mv, +

Sat+bx+cx?=m1+n(-1+x)+p(1+2x+x?) <+

co phai co sO

nv, + pvj

‘m—-n+p=a
n+2p=»>b

C

. bP=¢

1 -1 1]a
A= (O 2 b) = r(4) = r(4) = Hé c6 nghiém duy nhat
1

BBBBBBB
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V. Co s& va so chiéu cua khong gian vecto

Vidu: Xét xem hé {v; = 1,v, = =1+ x,v; = 1+ 2x + x*%} c6 phai co s&

cua P,|x] khong?

Giai:

2. Chirng minh doc lap tuyén tinh:
Xét rang budc tuyén tinh

mv, +nv, + pv; =0 & <

‘m—n+p=0
n+2p=0 <A

= Hé {v{, v,, v3} doc lap tuyén tinh

(m =0
n:

. p=0

\p =0

Vay {v; = 1,v, = =1+ x,v3 = 1 + 2x + x%} |a mo6t co s& cla P, [x]
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V. Co s& va so chiéu cua khong gian vecto

2. 56 chiéu ctia mét khéng gian vecto:
> SO chiéu cua khéng gian vecto V chinh bang sé phan tr trong mét co s&
bat ki ctia no.
» Ki hiéu la: dim V.
> SO chiéu ciia mot s6 khong gian hay gap:
dim(R™) = n,dim(P,[x]) = n + 1,dim(M,,) = n?

> Dinh ly: Néu hé vecto S cd sb vecto bang s6 chiéu ciia KGVT V thi S 1a co
s& clia V khi S doc 1ap tuyén tinh
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V. Co s& va so chiéu cua khong gian vecto

Vi du: Trong khong gian P,[x], cho cicvectou; = 1 + 2x — x%,u, = 1 + x,
Uz = 2 + 3x — 2x2%. Chirng minh hé S = {uy, u,,u3} 1a 1 co s& cta P, [x].
Giai:

Hé S c6 s6 vecto la 3 = dim(P,[x])

= S 1a co's& cua P,[x] khi S doc 1ap tuyén tinh

Xét rang budc tuyén tinh: au, + bu, + cuz =0
Sa(l+2x—x)+b(A+x)+c(2+3x—2x%) =0

(a+b+2c=0
S(a+b+20)+QRa+b+3c)x+(—a—-2c)x*=0<<2a+b+3c=0
. —a—2c=10
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V. Co s& va so chiéu cua khong gian vecto

Vi du: Trong khong gian P,[x], cho cacvectou; = 1+ 2x — x%,u, = 1 + x,
Uz = 2 + 3x — 2x2%. Chirng minh hé S = {uy, u,,u3} 1a 1 co s& cta P, [x].

11 2 1 21 1 1 2
A=|2 1 3 -1 —-1|-0 -1 -1
-1 0 -2 1 ol lo o -1

= 1(4) = r(4) = 3 = Hé c6 nghiém tam thudng = Hé S doc lap tuyén tinh

= S ={uq,u,,uz}lalcosdcuaP,|x].

39
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V. Co s& va so chiéu cua khong gian vecto

Vi du: Trong khong gian P,[x], cho cicvectou; = 1 + 2x — x%,u, = 1 + x,
Uz = 2 + 3x — 2x2%. Chirng minh hé S = {uy, u,,u3} 1a 1 co s& cta P, [x].
Giai: Cdch 2:

Trong Cdch 1 diéu kién dé hé doc 1ap tuyén tinh hay S 1a 1 co sé ctia P, [x]

chinh la r (

_ N

1 2 i
1 3 =3<:>r<
0 -—2. i

N R
W =L N
| |
N O =
v
|l
w
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V. Co s& va so chiéu cua khong gian vecto

Vi du: Trong khong gian P,[x], cho cicvectou; = 1 + 2x — x%,u, = 1 + x,
Uz = 2 + 3x — 2x2%. Chirng minh hé S = {uy, u,,u3} 1a 1 co s& cta P, [x].
Giai: Cdch 2:

B1: Kiém tra diéu kién dim V = S6 vecto trong hé S.

B2: Lap A |a ma tran toa do theo hang cua cac vecto co trong hé S.
* r(A) = SO vecto trong S = S doc lap tuyén tinh = S 13 co s& cta KGVT V
* r(4) # SO vecto trong S = S phu thudc tuyén tinh

= 5 khong la co sd cua KGVT V.
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V. Co s& va so chiéu cua khong gian vecto

Vi du: Trong khong gian P,[x], cho cicvectou; = 1 + 2x — x%,u, = 1 + x,
Uz = 2 + 3x — 2x2%. Chirng minh hé S = {uy, uy,u3} 1a 1 co s& cta P, [x].
Giai: Cdch 2:

S c6 so vecto 1a 3 = dim(P, [x])

= S 1a co's& cua P,[x] khi S doc 1ap tuyén tinh

Lap A la ma tran toa d6 theo hang cua uq, u,, us;

1 2 -1 1 2 —1] 1 2 —1]
A=11 1 0l—- 10 -1 1{—=1]0 -1 1
2 3 -2 0 -1 0. 0 0 —1.

= 1r(4) = r(A) = 3 = Hé S dbc lap tuyén tinh = Hé S 1a co s& clia P, [x].
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V. Co s& va so chiéu cua khong gian vecto

Dang bai tdp 5: Ki€m tra mot co sé cia KGVT V
» Bai todn: Cho KGVTVvahéS ={v,v,,..,v,}VOi vy, vy, ...,v, EV
— Kiém tra S c6 phai la mot co s& cua V hay khéng?

» Phuong phadp gidi:
B1: Kiém tra diéu kién dim V = S6 vecto trong hé S.

B2: Lap A la ma tran toa d6 theo hang cua cac vecto cé trong hé S.
r(A) = SO vecto trong S = S doc 1ap tuyén tinh = S 13 co s& cta KGVT V

r(A) # SO vecto trong S = S phu thudc tuyén tinh = S khéng la cos& cta V.
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V. Co s& va so chiéu cua khong gian vecto

Vi du: Trong khong gian R3, cho cac vecto v, = (1,1,1),v, = (1,1,2),
vy = (1,2,3). S = {uy,u,,u3} célalcosdécua Py|x] khdng?

Giai:

Hé S = {v, vy, v3} cd s6 vecto 1a 3 = dim(R?)

= S 1a cosé cta P,[x] khi S doc 1ap tuyén tinh

Lap A |la ma tran toa d6 theo hang cua vq, vy, v5

1 1 1 1 1 1] 1 1 1]
A=|1 1 2]1-=10 0 1|—-|0 1 2
1 2 3 0 1 2. 0 0 1.
= 1r(4) = r(4) = 3 = Hé S dbc lap tuyén tinh = Hé S 1a co s& cua P, [x].
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V. Co s& va so chiéu cia khong gian vecto

Dang badi tdp 6: Tim diéu kién dé hé S |1a mot co s& cua KGVT V
» Bai todn: Cho KGVTVvahéS = {v,(m),v,(m),...,v,(m)}
— Tim diéu kién ciia m dé hé S 1a mét co s& cua KGVT V

» Phuong phadp gidi:
B1: Kiém tra diéu kién dim V = S& vecto trong hé S. Néu thoa man sang B2

B2: Lap A la ma tran toa d6 theo hang cua cac vecto cé trong hé S.
e S1a cosdcua KGVTV —» Tim m dé r(4) = SO vecto trong S

e Skhonglacosdcua KGVTV — Tim m dé r(4) # So6 vecto trong S
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V. Co s& va so chiéu cua khong gian vecto

Bai tdp 1: Trong khéng gian P,|x], cho hé
S={v;=—-1+x%v,=1+x+x%v;3=-3—mx + x*}

Tim m dé S 1a mot co sé clha P, [x].

Giai:

Hé S co so vecto 1a 3 = dim(P,[x])

= S 13 co' s& cua P, [x] khi S doc 1ap tuyén tinh.
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V. Co s&' va so chiéu ciia khong gian vecto

Lap A la ma tran toa d6 theo hang cua v, vy, v4

Bai tdap 1:

Giai: (Tiép)
—1 0

A=1] 1 1
—3 —m

1-
1
1.

—1
0
0

1
2
0

0
1

—m + 11

Hé S doc lap tuyéntinh o r(A) =3 r(B)=3om=1

Vay véim # 1 thi hé S 1a mét co sé& cua P, | x]
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V. Co s& va so chiéu cua khong gian vecto

Bai tdp 2: Trong M,, cho cac vecto

T A Y R

Timm dé hé S = {uy, u,, us, us} 1da Mot co s& ctia M,

Giai:

Hé S c6 sb vecto 1a 4 = dim(M,)

= S 1a co' s& ciia M, khi S doc 1ap tuyén tinh.

Lap A la ma tran toa d6 theo hang cla uq, u,, us, uy.
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Bai tdp 2:

Giai: (Tiép)

—

— N

m+*1

AN (N

™M N

— O
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V. Co s& va so chiéu cua khong gian vecto

Dang bai tdp 7: Tim hang cua moét hé vecto

» Bai todn: Cho hé vecto S = {v,,v,,v3, ..., Uy}

— Tim hang cta hé vecto S (Ky hiéu r(S5))?

» Phuong phdp gidi:

« B1: Lap A la ma tran toa d6 theo hang cua cac vecto co trong hé S.
» B2: Str dung cac phép bién doéi so cap dua A vé dang bac thang.

e B3: Két luan r(S) = r(4)
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V. Co s& va so chiéu cua khong gian vecto

Vi du: Tim hang ctia hé vecto S = {(—1,3,4); (1,5,—1); (1,3,2)} trong R?3

Giai:
Lap A la ma tran toa d6 theo hang cua hé vecto S
-1 3 4 —1 3 4] -1 3 4 -1 3 4
A=11 5 -1|-»] 0 8 3|—-1 0 1 11— 0 1 1
1 3 2 . 0 6 6 . 0 8 3 0 0 -5
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V. Co s& va so chiéu cua khong gian vecto

< Ddc biét:
- {(1,0,0, ...,0):(0,1,0,...0); (0,0,1, ...,0)} 13 co s& chinh tac cia R™

« {1;x;x%;...;x™} 1a co s& chinh tac cta P,[x]

1 0
0 O

0 0

0 0
0 O0}.

0 0.

0
0

0

s& chinh tac cia M, .,

1
0

0

oo

0 0
0 O}.

0 0.

o O

o O

o o

la co
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VI. Toa dé

» Cho khéng gian vecto V cé moét co s6 S = {vy, vy, ...,v,} Vavectou €V,
thi b6 nghiém (cq,cy,...,c,,) cta hé thic cqvy + v, +-+c, v, =u
duoc goi la toa do cua vecto u trong co so S.

> Ky hiéu: [U,]S —
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VI. Toa do

Vidu 1: Trong R3 c6 mbét cos& S = {v; = (1,1,1),v, = (1,1,2),v; = (1,2,3)}
tim toa dd cua vecto x = (6,9,14) trong co sO' S.

Giai:

Xét c;vy + v, ez v3 =x & ¢(1,1,1) + ¢,(1,1,2) +¢5 (1,2,3) = (6,9,14)

C1+C2+C3:6 (C]_:l (17
e C1+C2+2C3=9 @<C2=2=>[X]S= 2
¢4 +2¢, +3¢c; =14 €3 =3 3.
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VI. Toa d6

Vidu 2: Trong khéng gian M, c6 mdt co s&

O P S |

Timtoadd cuau = [g ﬂ trong cosO E

Giai:
= 5
c e 11
Dap so: [u]z = _1
1.
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VI. Toa d6

Vidu 3: Trong khong gian P;[x], c6 mdt co s&
B={u, =1u,=1+xu; =x+x%u, = x* +x3}.
4
Tim toa d6 cua vecto u biét [u]z = _g
| 2]

Giai:

u = —4uq + 6u, — 3us + 2u, = 2 + 3x — x% + 2x3

56
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

1. Dang 1: KGVT con V sinh ra b&i hé vecto S
2. Dang 2: KGVT conV; +V,

3. Dang 3: KGVT con V; NV,
4. Dang 4: Khong gian nghiém cuta hé phuong trinh thuan nhat
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

1. Dang 1: Tim so chiéu va co' sé ctia KGVT con V sinh ra béi hé vecto S

» Bai todn: Cho hé vecto S = {v,,v,, ..., v, }, tim s6 chiéu va mét co s& cla

khéng gian vecto con V sinhrab&i hé S (V = span{v, v, ...,v,})
» Phuong phdp gidi:
 B1:Lap Ala ma tran toa dé theo hang cua cac vecto vy, v,, ..., v,

« B2: Dung cac phép bién doi so cap trén hang dua A vé dang bac thang.

e B3: Két ludn dimV = S6 dong khac O ctia ma tran bac thang va mot co s&
cua V 1a hé gobm cac vecto duoc rut ra tir cdc dong khac 0 cta A
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—1 0
3 1
L 5 2

V = span{vy, v,,v3}

5
—1
0.

VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bdi tdp 1: Tim co s& va s6 chiéu cua KGVT con sinh bai hé vecto sau:
v, = -1+ 2x%v, =3 +x—x%v; =5+ 2x} trong P,[x].

Giai:

Xét A la ma tran toa do theo hang cua vq, v,, V3

5
5
10.

—1 0
1 5
.0 0 O

r(4) =2 =dim(V) =2, mdétcosdcuaVla{—1+ 2x%; x + 5x?}




V = span{vy, v,, v3}

Xét A la ma tran toa do6 theo hang cua vq, v,, V3

_a{( 1,2,

v, = (1,1,2,-1),v, = (1,2,1,1),v5 = (3,4,5,—1) trong R*.

VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bdi tdp 2: Tim co s& va so chiéu ctia KGVT sinh bai hé vecto sau:

2 -1
—1 2
0

0 .

—1);(0,1,-1,2)}




VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bai tdp 3: Tim co s& va so chiéu cua KGVT con sinh bai hé vecto

[0 —1], 2—[2 ] 3—; ﬂ Uy = i %]trongM2
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Bai tap 3:

V = span{u, u,, us, u,}

1

2
1
4

dimV =r(4) =4

1

0

0

0

VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Xét A la ma tran toa do theo hang cua uq, u,, us, uy

0
1

—1

0

Mot co s ctia V 13 {[é _11][(1) (1) [_2 _g][g (1) } hay {u, u,, us, Uy}




VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

2) Dang 2: Tim s6 chiéu va co'sé cua KGVTconV{ +V,
> Bai todn:

Cho hai hé vecto V; = span{vy, vy, ..., v,,}, Vo = spanfuq, u,, ..., u,}.

— Tim s6 chiéu ctia khong gian V; + V,
V(,)’| Vl + VZ — {x = X1 +xZ|X1 (S Vl,xZ (S Vz}

nnnnnnnn
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

2) Dang 2: Tim s6 chiéu va co'sé cua KGVTconV{ +V,

» Phuong phdp gidi:

X = X1+ X5

Voivx eV, +V, & {xl €V, x; €V

x1 €3 X1 = a1 +avy, + -+ a,v,
Do = _
X9 - Vz Xo = b1u1 + szz + -+ bnun

> x =a.v, +ayvy + -+ a,v, + byuy + byu, + -+ buy,

Dé thay x 1a t6 hop tuyén tinh ctia hé {v,,v,, ...

N

Vay |V, + V, = span{vy, vy, ..., Uy, U, Uy, ..., Uy }

y Un, U1, Uy, ... ,un}

= Quay vé Dang 1.
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bai tdp 1: Trong khéng gian P;[x] cho cac vecto

vi=1—x+x%v,=x+x?+x3v3=1+x+2x%+x3,v, =2 —x + 2x°2.
bat vV, = span{v,, v,},V, = span{vs, v,}.

Xac dinh s6 chiéuva 1 cosdctaV; + V.
Giai:

x=X1+X2

=>X=aAV1 + A>V> + A2V2 + A4 V,.
x; EVy,x, EV, 1V1 2V2 3V3 4 V4

VGi VxEV1+V2<:>{

= Vl + VZ — Span{vlJ Vo, U3, v4-}'
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bai tdp 1:
Giai: (Tiép)
Xét A la ma tran toa do theo hang cua vy, vy, v3,v,

1 -1 1 0] 1 -1 1 0] 1 -1 1 0 1 -1 1 0
A= 0 1 1 1 .0 1 1 1 L 1 1 1 .0 1 1 1
1 1 2 1 0 2 1 1 O 0 -1 -1 0 0 -1 -1
2 -1 2 0 0 1 0 0 o 0 -1 -—1] 0 0 0 0

= dim(V; + V,) = r(4) = 3
MotcosdctaVy+V, la{l —x +x% x +x% + x3, —x? — x3}
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bai tdp 2: (Cudi ky 20201) Trong R* cho cac vecto
v, =(21,-1,0),v, = (1,2,1,1),v3 = (-1,1,2,1).v, = (1,—2,—4,—-2)

a) Vecto v, c6 thudc Spanf{v,, v,, v3} khong? (Dap so6: Khong)

b) Dat U = span{v,,v,},V = span{v;, v,}. Tim s6 chiéu va mot co s& cua
khéng giancon U + V.

(Pap so: dim(U + V) = 3, mot co sa la {vy, vy, v,})
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

3) Dang 3: Tim sé6 chiéu va co'sé cua KGVTconV, NV,

> Bai todn:

Cho hai hé vecto V; = span{vy, vy, ..., v,,}, Vo = spanfuq, u,, ..., u,}.
— Tim s6 chiéu ctia khong gian V; n 1,

VeV, NV, ={x|lx eVy,x €V,}
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

3. Dang 3: Tim s6 chiéu va mét co sé cua khéng gianV, NV,

VO vy = Vl N VZ PR {y € Vl PEN {y = A1V + a, V- + -+ anvn(l)

y el y = byuq; + byuy, + -+ bu,(2)
Lay (1) — (2), ta thu duoc:
alvl ~+ azvz + -4 anvn — b1u1 — szz — = bnun — O

Dong nhat hé so6 va giai hé = Tim duogc aq, a,, ..., a,, by, by, ..., by,
Thayvao (1) hoac 2) =y = --- =2 V; NV, = span{...} = Quay vé Dang 1.
= SO chiéu va mot co sd cta V; N Vs,
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bai tdp 1: Trong P;[x] cho cdcvecto v, =1+ x? + x3,v, = 2 + x — x%,
Vs =1+ 2x +x%+x3,v, =2+ 3x —x2. DatV; = span{v,, v,},

V, = span{vs,v,}. Xac dinh s6 chiéuva 1 cosé caa V; N V,.

Giai:

Veivyevl, nl,

y € V; = span{vy, v,} o Jy =av + bv,
y € V, = span{v;,v,} y =cv3 +dv,

= avy + bv, —cv3 —dv, =0
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Giai: (Tiép)

avy + bv, —cv3 —dv, = 0 & |

1 2 -1 =21 [1
- lo 1 -2 =3 0
A=1 1 -1 1|70

1 0 -1 o] o

a=—t

Pitd =t = b

-.\::;.

\

b—2c—3d =0
a—b—c+d=0

a—c=0
2 -1 =2
1 —2 -3
3 0 3|~
2 0 2.

o0 -

(a+2b—c—2d =0

:>(abcd)—( t,t,—t, t),t ER

O ORI

-1 -2
-2 -3
—6 —6

0 0
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Giai: (Tiép)

Thaya =—-t,b =tvaoy = av; + bv,
>y=—t(l+x*+x3)+t(2+x—x%) =t(1+x—2x%—x3)
=>VinV, ={y=t(1+x—2x*—x%)|t € R}

=V, NV, = span{l + x — 2x?% — x3}

Dé thay hé {1 + x — 2x? — x3} ddc lap tuyén tinh.
Vay dim(V; NV,) = 1, mbétcosadctaVy NV, la {1 +x — 2x? —x3 }.
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bdi tdp 2: (Cudi ky 20201) Trong R* cho cac vecto
v, = (2,1,1,2),v, = (=1,0,3,1), v, = (1,1,4,2), v, = (2,2,8,5)

bat U = span{v,,v,},V = span{vs, v,}

a) Tim hang ctia hé vecto S = {v4, v,, v3,v,} (Dap s6: r(S) = 3)
b) Tim s6 chiéu va mot co sé cua khong giancon U NV

(Pap s6: dim(UNV) =1vamoétcosedla{(1,1,4,3)})
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

4. Dang 4: Tim s6 chiéu va co so cta khong gian nghiém hé phuwong trinh
trinh thudn nhat:

> Goi S |a tap nghiém cta hé phwong trinh tuyén tinh thuan nhat, 4 13
ma tran hé s6 khi dé S chinh 13 mot khéng gian vecto con ctia khéng
gian vecto R™ va soO chiéu ctia S duoc xac dinh b&i cong thirc

dim(S) = s6 an — r(4)
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bai tdp 1: Tim co s& va so chiéu cta khong gian nghiém ctia hé sau

fx1+2x2—x3+x4=0
<2x1_x2+2x:g+5x41_=0
k—xl+x2+3X3+6X4 =0

Bdi tdp 2: Tim a, b dé khong gian nghiém cuta hé sau c6 so chiéu la 1:
bx+3y+z=0

(1+2b)x+(@a+5y+2z=0
2b—1Dx+(a+2)y+z=0
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bai tap 1:

Giai:

1 o2 -11] 1 2 -11 1 2 -1 1

A=l 2 -1 2 5|-]10 -5 4 3|-|0 -5 4 3
—1 1 3 6. 0 3 2 7. 0 0 1 2

r(A) =r(4) = 3 < 4 = Hé c6 vd sé nghiém phu thudc vao 1 tham sé.

(X1 +2x, — X3+ x4 =0
Hé ban dau © { —5x, + 4x3 + 3x, =0
\ X3 +2x, =0
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bai tap 1:
Giai: (Tiép)
rxl = —(
Xy = —t
Dét Xg = t (t € R) = < X 2_ —2t = (leXZJXSIxZ) — t(_]-; _1; _211)
3 =
=1
|

= Khéng gian nghiém cua hé S = {t(—-1,—-1,—-2,1)|t € R}.
= S =span{(—1,-1,—-2,1)}.

Dé thay hé {(—1,—1,—2,1)} doc lap tuyén tinh

= Mot cosdcuaSla{(—1,-1,-2,1)},dim(S) = 1.
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bai tap 2:

Giai:

Goi S 1a khéng gian nghiém ctia hé. PEdim(S) =1 o r(4) =r(4) =2

A=

b 3 1]

14+2b a+5 2

2b—1 a+2 1.

Pér(d) =2 & \“

Vay VO

BBBBBBB

b—2

b—2

1 3 b

2 a+5 14+2b

1 a+2 2b—1.

=0oo@-1)b-2)=0e

1 3

0 a—1

0 0
a=1
b=2

=1 thi khong gian nghiém cuta hé sau c6 so chiéu 1a 1.

b
1

b — 2.
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VII. Bai toan tim so6 chiéu va mot co s& ctia khong gian vecto con

Bai tdp 3 (Cudi ky 20201): Ky hiéu Q 1a tap nghiém cta hé phuong trinh
([ x;+2x,—x3+3x,=0

4 le‘l‘sxz +pX3 +5.X'4_ =0
\—le — 4-x2 + ZXB + qx4 —_ O

V&i p, g 1a cac tham so.
1. Chi&ng minh Q la khong gian con ctia R*
2. Timp,gqdédimQ =1 (Dap an: q = 6,p € R)
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VIII. Bai toan doi co so:

> Bai toadn:

Trong khoéng gian vecto n chiéu V, gid si*V c6 2 cos@ S = {v4, vy, ..., Uy} Va

§' = {v1, v, ..., vp}, toa dd clia vecto u trong co s& S, ki hiéu [u]s=

Vay tur [u]s ching ta c6 thé tim ra dugc [u] ¢ khong? Liéu gilra [u]g va [u]s
cd moi quan hé nao khong?
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VIII. Bai toan doi co so:

> Cdch lam:

« Dé tim dugc [u] ¢ théng qua [u]s ching ta sir dung cong thirc lién hé:

luls = P. [u]s,
V&i P duoc goi la ma tran chuyén tir co s& S sang co s& S’

P = [[v1]s[V'5]s .. [Vn]s]

« Néu P la ma tran chuyén tir co s&' S sang S’ thi P~ 1a ma tran chuyén tu
cosO S’ sang S.

35;
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VIII. Bai toan doi co so:

Bai tdp 1: Trong khéng gian R3, tim ma tran chuyén co s& tir co s&
B, ={u;,=0{1,-1,2),u, = (1,0,—2),u; = (1,—1,1)} sang co s&
B, = {v; = (2,-1,3),v, = (3,2,1),v5 = (=2,1,2))

Bdi tdp 2: (Dé thi Cubi ky K58) Trong khoéng gian P,[x] cho co s& chinh
tacE = {1; x;x?}vacoso S ={1,4 — x, (2 + x)?}. Tim ma tran chuyén co
s& ti E sang S va ma tran chuyén co s& tir S sang E
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VIII. Bai toan doi co so:

Bai tdp 1: B, = {u; = (1,—1,2),u, = (1,0, =2),us = (1,—1,1)}
B, = {v; = (2,—-1,3),v, = (3,2,1),v5 = (=2,1,2))
Giai:
Ma tran chuyén co's¢' P = |[v4]s, [v2]s, [v3]s, |
v, = auq + bu, + cuz; & (2,—-1,3) = a(1,-1,2) + b(1,0,—2) + c(1,—1,1)

(a+b+c=2 (a =4 4]
&4 —a—c=-1 o3b=1 =>[U1]31= 1
K2a—2b+c=3 \c = —3 —3.
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VIII. Bai toan doi co so:

Bai tap 1:
Giai: (Tiép)
v, = auq + bu, + cu; & (3,2,1) = a(1,-1,2) + b(1,0,—-2) + ¢(1,-1,1)

(a+b+c=3 (a=13 © 137
& 4 —a—c=2 &4 b=5 z[vz]31= 5
2a—2b+c=1 \c=-15 —15.
v3 = auq + bu, + cu; © (-2,1,2) = a(1,-1,2) + b(1,0,-2) + ¢(1,-1,1)
(a+b+c=-2 (a=1 1
S 9 —a—c=1 ®<b=—1:[773]31: —1
2a—2b+c=2 \c = —2 | —2 ]
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VIII. Bai toan doi co so:

Bai tdp 1:
Giai: (Tiép)

Ma tran chuyén co sé tir co sé tir B; sang B,

4 13 1]
P =|wils, [vals [vsls, | = | 1 5 -1
-3 —15 -2
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VIII. Bai toan doi co so:

Baitdp 2: E = {1;x;x%}, S = {1,4 — x, (2 + x)?)}
Giai:

Ma tran chuyén cos& t0 E — S:

1 4 4
P=[1g[4—x]g [Q+x)?%g]=]|0 -1 4
0 0 1

1 4 —20]
Ma trdn chuyén cosétrS > E:P71 =0 -1 4
0 0 1

nnnnnn on| 86



VIII. Bai toan doi co so:

“*Ddc biét:
Cach viét nhanh ma tran chuyén co s& P tir co s& chinh tac
E = {eq, ey, e3,..}sang mot co sé bat ki S = {uq,u,, us, ..., u,} la:

P=lu] [uz] [us]l - [upl]]

VG&i [uq], [u,], [usl, ..., [u,] 1a toa do cua cac vecto uy, u,, us, ... u, Viét theo

N

cot.
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HAVE A GOOD UNDERSTANDING!

@ husteduvn @ fbo.com/dhbkhn
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THANK YOU !

@ husteduvn @ fbo.com/dhbkhn



